Effects of Berry phase and instantons in one dimensional Kondo-Heisenberg model 
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Motivated by the global phase diagram ol antilerromagnetic heavy lermion metals, we study 
the Kondo effect from the perspective of a nonlinear sigma model in the one dimensional Kondo- 
Heisenberg model away from half-filling. We focus on the effects of the instanton configurations of the 
sigma-model field and the associated Berry phase. Guided by the results derived using bosonization 
methods, we demonstrate that the Kondo singlet formation is accompanied by an emergent Berry 
phase. This Berry phase also captures the competition between the Kondo singlet formation and 
spin Peierls correlations. Related effects are likely to be realized in Kondo lattice systems in higher 
dimensions. 



Introduction: Antiferromagnetic (AFM) heavy- 
fermion metals represent a prototype case study for 
quantum criticality Considerable theoretical work 
has emphasized the Kondo-brcakdown local quantum 
criticality B Compared with the spin-density- wave 
picture [J, |5|, which is based on the Landau notion of 
order-parameter fluctuations, the Kondo breakdown 
introduces new low-energy degrees of freedom. The 
characteristic properties include, e.g., a jump between 
large and small Fermi surfaces p, 0] ■ 

Recently, experiments in YbRh2Si2 that is either 
doped [1, 0] or pressurized have revealed a rich phase 
diagram. Under sufiicient positive or negative (chemical) 
pressure, the Kondo-breakdown point can be separated 
from the AFM transition. These results have been inter- 
preted in terms of a global phase diagram, which was put 
forward several years ago and more extensively discussed 
recently 11-3]. 

The global phase diagram emphasizes the interplay be- 
tween two effects. One is the Kondo screening and its 
breakdown, and the other the fluctuations in the quan- 
tum magnetism of local moments alone. The relevant 
zero-temperature phases can be either AFM or param- 
agnetic, and can have "large" or "small" Fermi surfaces 
Ill4l3j. The large and small Fermi surfaces respectively 
correspond to the cases with Kondo screening and de- 
struction. These results promise to take the study of 
heavy-fermion phase diagram to an entirely new direc- 
tion [ij. 

A promising approach to the global phase diagram 
starts from the AFM state, using a quantum non-linear 
sigma model (QNLcrM) representation [l3, 14 1. In di- 



mensions higher than one, the Kondo coupling turns out 
to be exactly marginal in the renormalization group (RG) 
sense, and this shows a stable AFM phase with Kondo 
destruction. Such a phase serves as a basis to describe 
different types of phase transitions out of the AFM state 



111 |12| | . The low-energy physics in the ordered state in- 
volves only the smooth space-time configurations of the 
sigma model field n, for which the spin Berry phase van- 
ishes. In order to access the Kondo-screened or otherwise 
paramagnetic phases, topologically non-trivial configura- 



tions of the n field will also be important; for such con- 
figurations, the spin Berry phase is non-zero. 

To gain insight into the effect of the Berry phase on the 
zero-temperature phases of Kondo lattice systems, here 
we consider the case of AFM spin- 1/2 Kondo-Heisenberg 
model in one dimension. We use the QNLcrM basis to 
study the effect of topological spin excitations, with im- 
portant guidance provided by the results derived from 
bosonization method. We show that, when the conduc- 
tion electron moves in the topologically nontrivial instan- 
ton configurations of the n fields, a Berry phase 9 term 
with 9c = arises. The emergent Berry phase shifts the 
6 term of the spin chain from tt to O[mod 27r], which in 
turn gives rise to a spin gap that is characteristic 
ITj of the Kondo-screened state of the one-dimensional 
Kondo-Heisenberg lattice. Our results apply to both the 
insulating case at half-fil ling , where they are consistent 
with the result of Tsvelik [isj , as well as the metallic case 
away from half-filling. 

Kondo-Heisenberg model and QNLaM mapping: We 
begin with the following one dimensional Hamiltonian 



H 



Hq + Jk ^ Si ■ Ti + Jh ^ T i ■ Ti+l, 



(1) 



where Hq = — ^X^i « '-I + fermion 

spins and spin-half local moments are respectively de- 
scribed by Si = \c!^i ^(TapCi^p, and r^.The Kondo {Jk) 
and nearest neighbor {Jr) exchange couplings are both 
antiferromagnetic, and t is the fermion hopping strength. 
We will work in the regime Jk ^ JH,t, where we can 
use a continuum approximation for the spin chain. For 
the latter, we first consider the semiclassical QNLcrM 
mapping [lit, followed by the bosonization method [20|. 
In the semiclassical approximation we take = 

{~iy S'n.i{\ — ^^-g^Y''^ + aLi, where the unit vector field 
Wi is the staggered magnetization, and is a canting 
field that satisfies the constraint n,; • = 0. After in- 
tegrating out Li we obtain the effective action S'e// = 
S\a\ + Sq + Sk, where So = J d^xVsboC^o + W7icJi]V's, 
while S[n] and Sk respectively describe the QNLcrM for 
the local moments and the Kondo interactions The three 
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terms respectively describe the QNLcrM for the local mo- 
ments, the free electrons, and the Kondo interactions: 

S[n] = ^J d2x[(9in)2 + ^ [donf] + i9W [n] (2) 



as 



S 



K 



(fx 



-iXfip'-focrtl; ■ (n x d^n) 



(3) 



Here the topological term i0VF[n] corresponds to the 
Berry's phase due to the instanton configurations of 
n, with 9 = 2ttS, and the Pontryagin index W[n] = 

J cPx n • {d^n x don) counts the winding number of 
the instantons. In the semiclassical approximation only 
the Berry's phase term retains the information about 
the quantized value of the spin. Based on this map- 
ping, Haldane conjectured that half-integer spin chains 
characterized by 9 = n are gapless, and in contrast 
the integer spin chains with 9 = 2n are gapped [l9j. 
In addition ps — JuS^a, c — 2JHSa, respectively de- 
note the spin stiffness and spin-wave velocity, v is the 
Fermi velocity, kp is the Fermi momentum, and the an- 
ticommuting gamma matrices are 70 = ?7i, 71 — ?72 
and 75 = «7o7i = ^?73, with Ty^'s being Pauli matri- 
ces. These Pauli matrices operate on the fermionic spinor 
i/,t = (R\L'<), where R and L are the right and left mov- 
ing fields, and ■0 = ■0^70 ■ 

The two terms in Eq.[3]with coupling constants Af, and 
A f respectively correspond to the backscattering and for- 
ward scattering interactions between the fermions and 
local moments; both are cx Jk- The ellipsis indicates 
a four-fermion interaction term, obtained after integrat- 
ing out Li, that is not important for our purpose. The 
backscattering term describes the coupling of the stag- 
gered magnetization densities of the electrons and spin 
chain, and the forward scattering term describes the cou- 
pling of the uniform magnetization densities. At half- 
filling, the product of the exponential phase factors is 
unity due to the commensurability of the conduction elec- 
trons and spin chain, and the backscattering term con- 
tributes as a relevant operator. Away from half-filling, 
the product is oscillatory in space, which makes the 
backscattering term irrelevant and the low energy physics 
is governed by the forward scattering term. 

Bosonization results: Before proceeding with the cal- 
culations within the QNLcrM approach, we will use 
bosonization method to gain insight into the Kondo sin- 
glet formation [l^ 17 1 and the emergent Berry phase. 
We show that the abelian-bosonization description of the 
Kondo-singlet state, when transformed in terms of a non- 
abelian bosonization method, already suggests an emer- 
gent Berry phase. 

In the bosonization approach the spin chain is first 
described in terms of fermions 4* with frozen charge fluc- 
tuations, and the Kondo interaction term is expressed 



'if 



fx[Xb'>p 



-I- A f^^QCTll) ■ '^^qCT'^] . (4) 



Within the Abelian bosonization, the collective charge 
and spin fluctuations of the electrons are respectively 
described by the bosonic flelds (pc, '^s and their corre- 
sponding dual flelds 9c, 9s. The spin fluctuations of the 
local moments are described by the bosonic fleld tpr and 
its dual 9t-. The kinetic energy of the fermions are de- 
scribed in terms of Gaussian actions involving ipc, ifs, 
and ipr, and Sk becomes 



Sk oc I d X 



Xb cos{{2kp + Tr)rj + v 27r(pc)(cos v27r(p 



— cos V 27ri^+ + 2 cos \J2-k9J) + Xfdx'^sdx'^ 



-\-Xf cos V 2-k9- (cos V 2inp_ -\- cos v 2inp+ ) 



, (5) 



where Lp± = ips ± ipr and 9- = 9s — 9r. 

Away from the half filling, the low energy physics 
is controlled by the forward scattering term that is 
marginally relevant 17 1 . The cos -s/^tt^- cos •\/27r(/j_ cou- 
pling is irrelevant and can be ignored. Since the forward 
scattering operators do not couple the charge and spin 
sectors, the charge fleld remains a free field and leads to 
the metallic behavior in the charge sector. However the 
spin fields satisfy one of the following locking conditions: 



(6) 
(7) 



2Tnp+ = 2ni7r, ^/2ti9^ = (2n2 + l)7r 
27r(y5+ = {2ni + l)7r, y/^nO- = 2n27r, 



which signals the Kondo singlet formation and an emer- 
gent spin gap [1^ 12^ 21 1 . As a result of the Kondo singlet 



formation there is a gapless charge density wave mode at 
wavevcctor 2k*p ^ 2kp + ir, described by (N'^ • N^) oc 
cos ((2fci? + n)rj + ^/2TTipc). 

The above can be compared with the insulating system 
at half filling, where the backscattering and forward scat- 
tering operators are respectively relevant and marginally 
relevant operators. Consequently 15|-|17[ , the low energy 
physics is governed by the backscattering term, a poten- 
tial energy of the form N"^ • N**, where ^s,t are the stag- 
gered magnetization densities. This form implies that 
the spin fields will lock into a configuration such that 
N"^ • N" = —1. Combining the energy minimum crite- 
rion with the fact that cos ^/2Tr(f- and cos \/2t:9- can 
not have simultaneous vacuum expectation values, we 
find two possibilities for the charge and spin fields, either 
with Eq. ([6|) and \/2ttlpc = 2n37r, or with Eq. ([7]) and 
\/2/KLpc = (2n3 -|- l)7r. The nonzero (cos A/27ri^c) causes 
a charge gap, leading to a charge insulator behavior. In 
the spin sector, the above reveals an important insight, 
which appears not to have been appreciated before: the 
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locking conditions for the spin bosons in the half-filled 
insulating case and away-from-half-fiUed metallic cases 
are identical. This insight will be important in guiding 
our subsequent analysis of the Berry phase effect in the 
QNLctM representation. 

To anticipate the QNLcrM analysis, we now demon- 
strate the relation between the Kondo singlet forma- 
tion and topological Berry phase using the non-Abelian 
bosonization method [20|. The spin sector for the elec- 
trons and local moments are described by the SU{2) 
matrix fields Us^t and the corresponding SUi{2) Wess- 
Zumino-Witten (WZW) actions 

Ss,r = ^ J d^xTr[d^Ul,d^Us,r]+Twz[Us,r] 

(8) 

where Twz is the topological Wess-Zumino (WZ) term 
and 17" T = Ul ^daUs,T- For the electrons and local mo- 
ments the space-time coordinates are respectively de- 
scribed by {vs^tXqtXi). The topological WZ term is 
crucial to maintaining the gapless behavior of the IAs^t 
fields. The matrix fields can be decomposed as Us,t = 

U0,s 



iUs^r • with Mg s T 



1, where uo,s,r, 



and Us T- respectively describe singlet spin-Peierls and 
staggered magnetization correlations. The relationship 
among the non-Abelian and Abelian bosonization fields 
are described by 



ui s ± iu2 s = ±ie 



(9) 



The locking conditions of the Abelian fields, Eqs. (|6l7p . 
translate into Us = ±Ul. Using the property Twzpl^ = 
— r^^2[C/], we find that the Kondo-singlet formation is 
accompanied by the cancellation between the WZ terms 
of the spin chain and the electrons. This leaves an effec- 
tive matrix sigma model without the topological term, 
which is known to be gapped. If the Peierls type singlet 
correlation uq is suppressed, the WZW action reduces 
to a QNLuM, and the WZ term transforms into a topo- 
logical 9 = TT Berry phase for the QNLcrM. Therefore 
we anticipate that the Kondo singlet formation within a 
sigma model approach will be associated with an emer- 
gent 9 ~ TT Berry phase from the electronic part of the 
action. 

QNLaM at half-filling : After gaining insight into 
the Kondo-singlet formation via bosnization analysis, we 
turn to the QNLcrM approach. At half-filling the problem 
can be solved in an elegant manner due to Tsvelik[l8l|. 
Introducing the non-Abelian bosonization field lAs for the 
conduction electrons, the relevant back scattering term 
can be expressed as 4A;,Us • n cos v^^ttc^c ■ The energy min- 
imization is achieved for = n, ^/^Trtpc = (2n -I- l)7r or 



Us = — n, v27r(pc = 2n7r. The conditions Us = ±n im- 
ply uq.s = 0, and the WZ term becomes ±i7rM^[n] which 
cancels the 9 ^ tt Berry phase term of the spin chain. 
Consequently we obtain charge and spin gaps. However 
this approach does not account for the forward scattering 
terms and can not be applied to the metallic case away 
from half filling, where a new treatment is required. 

Berry's phase from non-Abelian chiral anomaly: We 
now analyze the Kondo effect and emergent Berry phase 
in the QNLcrM representation at arbitrary filling. Based 
on the bosonization results, we see that Kondo singlet 
formation is accompanied by the 2kp charge density wave 
oscillation described by (Ng -N^). Therefore in the sigma 
model approach we need to find an appropriate fermionic 
basis such that the component of Ng parallel to n has 2kp 
charge oscillation (at half-filling due to commcnsurability 
2kp charge mode remains gapped). 

Recognizing that Ns contains the combination of left 
and right moving fields, we anticipate that a spin depen- 
dent chiral transformation will be needed to describe the 
appropriate fermionic basis. In the following section we 
demonstrate that both at and away from half-filling the 
emergent Berry's phase can be calculated by using a non- 
Abelian chiral rotation and the associated chiral anomaly 
In Ref. 24 the non-Abelian chiral rotation tcch- 
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nique has been applied to calculate the Berry phase at 
half-filling in the absence of the forward scattering term. 
However the relation between the emergent Berry phase 
and Kondo singlet formation has not been addressed. We 
consider this relationship and, in addition, study the for- 
ward scattering term to address the metallic case away 
from half-filling. 

We perform a spin-dependent chiral rotation ip — >■ 
e'xp{i(pn-aj5)x- The staggered magnetization transforms 
into 



I 



x[(T — n(I — cos 2(j))n ■ cr 



-hi75sin20n]e-''2'^'^''^'^=X (10) 



After taking a dot product with n, we find that only 
for (j) = i7r/4, Ns • n demonstrates pure charge density 
oscillations with 2k p wavcvector. Therefore = 7r/4 is 
the required chiral rotation angle, which removes the spin 
dependence of the back scattering term and converts it 
into lAti exp(— iTrrj — 2ikFrj"f5)xi5X- Therefore at half- 
filling, the back scattering term becomes iXbXl5Xj and 
causes a charge gap. One can also perform a successive 
U{1) chiral rotation exp(— 1^75)%, to transform ixisX 
into a ordinary mass term XbXX- However this is not 
necessary for the physics in the spin-sector. 

Since the functional measure is not invariant under chi- 
ral rotation, we need to find the Jacobian of the transfor- 
mation which leads to the chiral anomaly terms. After 
an explicit calculation detailed in the supplementary ma- 
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terials [25|, we find the Jacobian 



= cxp 

Attv 



-iTTW[n] + J d^xl^^idmf 



(11) 



The Jacobian consists an emergent 9 = n Berry phase 
term, and two additional terms which renormalize the 
spin stiffness and spin wave velocity of the QNLcrM. 
The emergent Berry phase cancels the existing tt Berry 
phase of the spin chain, and renders the sigma model 
field gapped. As a result of the 7r/4 chiral rotation, the 
spin sector of the x fermions also becomes gapped. This 
can be demonstrated by considering the bosonization of 
the X fermions. In the non-abelian bosonization formu- 
lation, the spin sector of the x fermion does not contain 
the topological WZW term, and the matrix sigma model 
becomes gapped. The fermionic action transforms into 

/z I 
d^xxh^^d^, + -ip^lbO- ■ + -7^cr • (n x a^n) 

-ZA/7075T • Son + zA,e-*(^+2'=-)'-^T=75]x + . . . 

(12) 

Since the n field, and the spin sector of x field are gapped, 
the interaction between these fields describe the innocu- 
ous fiuctuations about Kondo singlet phase. 

To summarize, the spin dependent chiral rotation by 
angle 7r/4 incorporates the Kondo singlet formation. In 
the metallic case away from half-filling, a. 8 = n Berry 
phase emerges as a consequence of chiral anomaly. The 
effects of the Berry phase and instantons in the spin sec- 
tor turn out to be the same as those at half-filling. The 
difference between the two cases exists only in the charge 
sector, and the term causing the gap at half-filling no 
longer operates away from half-filling. 

Competition with spin-Peierls correlations: The 
emergent theta term highlights the role of instanton 
configurations of the n field. We now discuss its 
connection with the spin-Peierls order parameter. In 
the semiclassical language spin Peierls order parameter 
(— l)'(Si • Si-|_i) corresponds to the instanton density 
a^n • (9^:11 X don). Therefore the instantons of the sigma 
model are manifestations of the competition between the 
spin Peierls and Neel order. For the spin one-half case 
we consider, 9 = tt and the gaplessness of the spin chain 
implies the same power law correlation of the Peierls and 
the Neel order parameters. The Kondo singlet formation 
is detrimental to both singlet Peierls and triplet Neel 
correlations, as the system moves away from the gapless 
point; this competition between two types of singlet 
correlations is encoded in the emergent tt Berry phase 
term. 

This conclusion demonstrates the effect of the emer- 
gent Berry phase beyond the description of how Kondo- 



singlet paramagnetic phase transitions out of a Kondo- 
breakdown spin-liquid reference point. The Berry phase 
also characterizes the competition between the Kondo 
paramagnet and Kondo-breakdown spin-Pcierls phase. 
While the Fermi momenta of the Kondo-singlet param- 
agnet are large, those of the spin-Peierls state are small. 
These paramagnetic phases and their transitions resem- 
ble the paramagnetic portion of the global phase diagram 
that has been proposed for heavy- fermion metals. 

In higher dimensions there is a stable Neel ordered AF 
state, and the instantons are suppressed by finite spin 
stiffness in the magnetically ordered phase. However in 
the quantum disordered region the consideration of the 
instantons becomes relevant, and the associated Berry 
phase is critical in determining the nature of the emer- 
gent valence bond solid phase [26[ [27 1. Therefore it is con- 
ceivable that Berry phase effects related to what we have 
considered here will be important in dimensions higher 
than one. 
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I. DETAILS OF THE CHIRAL ANOMALY CALCULATION DESCRIBED IN THE MAIN TEXT 



Following Ref. |22h24| we build up the finite chiral rotation by angle 7r/4, by applying successive chiral rotations at 
infinitesimal increment: ip exp(i ^an • cr^^)x, where a is the increment parameter that ranges between zero and 
unity. Under such transformation, the forward scattering term and the kinetic energy parts respectively transform 
into 



iXftpjoO' ■ (n X 5on)V' ^ iXfX lo^r ■ (n x don) cos — - 7o759on • a sin — 



7/x5/x + 2 sm —7^759^11 ■ a + - [1 ~ cos — ] {n x 9^n) • 0-7^ 



(13) 
(14) 



where we have set the Fermi velocity v = 1, and at the end of the calculations we will restore v by dimensional 
analysis. The Jacobian is evaluated as 



^ (0 = J) = cxp I ^ ^ da J d^xTr [^n • <T-f^Dl] | 



(15) 



where the Dirac operator Da is found by combining all the transformed fermion bilinears. The explicit expression for 
Da is given by 



Do 



7m 



da 



- sm — 75d^n ■ a + - [l - cos — j [n x d^n) • a 
(T • (n X don) cos — 75don • a sin 



ttq; . ttq; 

cos — n ■ a + i sm — 75 



(16) 



To extract the non- vanishing contributions to the Jacobian, we need to look for only those terms in D^, which contain 
the matrices 75 and a, and only the terms proportional to (do x din) • a lead to the topological theta term. From the 
the following four terms are found to contribute to the topological Berry phase 



/i 

/2 

h 
h 



i TT f / 7r(y,\ { 2 

-— X — / da \ d^xTr\n ■ (T7575(don x din) • cr] ( 1 — cos — ) = — z7rW[n] 1 

oTT 2 Jq J \ 2 / \ 



8tt 



^ J da J d'^xTr[n ■ (Tj5-f5{don x din) • cr] (l 



cos — + 2A/ COS — j = — 27rVF[n] ( 1 



2 

TT 



-— X - X (1 - 2A/) / da / d^xTr[n ■ (T7575(don x din) • cr] (1 - cosTra) = -i-W[n] (1 - 2A/) 
OTT 4 Jo J 2 

Z TT f / 7T(y.\ / 7T(y. TTCK \ 

— X — / da d^xTr[n ■ (Tj5j5{don x din) • cr] I 1 — cos — ) ( 1 — cos — + 2A/ cos — 1 
2 Jq J V 2/V 2 



2 I 



r , ,'3 4 4Af 
*7rM^[n] + ^ - A/ 



(17) 



4A/ 

TT 



(18) 
(19) 

(20) 



After combining all four contributions we obtain the net Berry phase /i + /2 + /s + /4 = — i7riy[n]. For an arbitrary 
chiral rotation by angle (/>, the net Berry phase due to chiral anomaly can be calculated in a similar manner and 
the final answer turns out to be — iH^[n](4(/) — (1 — 2A/)sin40). Only for two particular values = 7r/4, 7r/2, the 
Berry phase turns out to be independent of A/. These two angles respectively give — tt, — 27r Berry phase. As we 
have explained in the main text only (j) — n/A rotation is consistent with the appearance of pure 2k p charge density 
oscillation of {Ns ■ Nr). 
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The Jacobian also has following four nontopological contributions 



51 



X (1 — 2A/) da d xTr [n • cr 75759011 • cr] sin 



.^^ na 2\f) 



2lTV 



ff2 = X — y da J d'^xTr[n ■ (T'^^'^^d'^n ■ a] sin — = ^(^i") 



Stt 2v 
(l-4Ai) 



33 = — X — X (1 - 2A/) / da d xTr[n ■ 0-757511 • (T]{don) sin — ( 1 - cos — + 2A/ cos — 



TTa\ 



2 / 



(don)' 



54 = — X — / da d xTr[n ■ 0-757511 • o-J(din) sni — 1 - cos — 1 



Stt 



After combining all four nontopological contributions we obtain 



91 +92 + 93 + 94 = -ridin) 



2 / 



(1 - 2h)' 

A'KV 



which leads to the renormalization of the spin stiffness constant and the spin wave velocity of the QNLcrM. 



(21) 
(22) 

(23) 
(24) 

(25) 



II. ANOMALY CALCULATION IN A DIAGONALLY SU{2) ROTATED BASIS 

In the literature the spin-fermion interaction is often treated using a popular SU (2) rotated basis in which the 
spin quantization axis of the fermions is locally rotated along the QNLcrM field n. This rotation is accomplished 
by the following unitary transformation — > Uil:, where J7^n • aU = (73. In this section we begin with this rotated 
basis, and demonstrate that a subsequent chiral rotation yields the same = it Berry phase as a consequence of the 
chiral anomaly. The calculation in such a rotated basis has been performed in Ref. |2J, but the authors arrived at an 
incorrect conclusion that the non-Abelian chiral anomaly vanishes in this basis. In the following we demonstrate the 
physically sensible result that the chiral anomaly is insensitive to arbitrary diagonal or non-chiral SU{2) rotations. 
Under the SU (2) rotation described above, the backscattering term transforms into 



and the fermion kinetic energy transforms into 



(26) 



(27) 



where we have introduced the SU{2) vector potentials A°j^, using the relation Wdf,U = -d^^WU = i/2Al(Ta. The 
transformed forward scattering term is calculated as 



iXf j d"^ xil>jo{n X don) ■ cri/j ^ Xf J d'^.T?/'7o(n • o-3on • o-)?/' Ay y d'^xipjQa3{U^doUa3 + a3dQU^U)ip 

= -iXf j d^xi)-iQ[Alai + Ala2]i^ (28) 
Therefore the transformed quadratic part of the fermionic action can be expressed as 



"^F.quad 



d Xljj 



7m ( 5m + 2-^>» ) + Ahe-*("+''-)'"^'^^a3 - iXfjo {Al<7, + ^2^2) 



(29) 



Now we need to perform the finite chiral rotation ijj — > e^^'^if^/^T^^ to eliminate the spin dependence of the backscat- 
tering term. After the chiral rotation by the angle na/A, we obtain the following Dirac operator 



Da = 7m 



+ il^l<^i + 2 + K""^) COS — + (-4>2 - Alai) sm — 



?7o 



I a\ a9 \ " " 

(^0^1 + Aoa2) cos — 



/ .1 .9 \ . Tra 

-75 [Aoa2 -Ao(Ji) sm — 



iXbe 



(30) 
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At this stage it becomes convenient to use the CP^ representation of the sigma model field. By introducing a complex 
two component bosonic spinor z'^ = {zf, z^), with the constraint z = 1, we can express the QNcrM field as n 
In the CP^ representation the matrix U becomes 



z^az. 



U 



z^ 



and the sigma model action is transformed into the following CP^ action 



S[z,Al] 



(fx 



-\i^,~^Al)zf + ^Xi\zf 



An 



(31) 



(32) 



where = 27rS, and A is a Lagrange multiplier, and the dimensionless coupling constant g — c/ps- In the CP^ 
representation the topological theta term is expressed in terms of the electric field of the U{1) gauge field A"^^. From 
the identity U^U = 1, it follows that e^y9^^^ = {AqAI — AqA\). This identity turns out to be important for the 
evaluation of the topological contributions to the Jacobian. The Jacobian is evaluated as 



J {a = 1) = cxp 



J da J (fxTr[TTcr3jr,Dl] 



(33) 



To find the topological contributions we only pick the terms which are proportional to t^ud^^A'^^cr^'^Q and (,4Q^f 
^Q^})(T375. From D^, the following two terms are found to contribute to the topological Berry phase 



Z TT f ZTT f 



= ^ X ^ X (1 - 2A/) / da I d'^xTr[<j3cr3j5j5]{AlAl - AIAD cosTra = 



TT 

2 



(34) 
(35) 



Therefore the net Berry phase term is Fi + F2 = —j^ J d^xe^^^df^A'^ = — i7rVF[n]. In Ref. Q the forward scattering 
term ex. Xf was not considered and cos na in Eq. [35] was replaced by unity. Consequently the Berry phase contri- 
bution from the chiral anomaly was found to vanish. For a general chiral rotation (j), we find the net Berry phase 
-^40 / d'^xCfj.^df.Al + 4^(1 - 2A/)sin4(/) / d'^xiA^Af - AlA\) = -iiy[n](4(/) - (1 - 2A/) sin4(/)), which agrees with 
the result of the previous section. 



